Introduction
Over the past decade thermoelastic damping has been an active research area in design, optimization, fabrication, and testing of microelectromechanical systems ͑MEMSs͒ and nanoelectromechanical systems ͑NEMSs͒ against internal energy dissipation ͓1,2͔. Although the mechanism of thermoelastic damping was explained long time ago by Zener ͓3͔, the modern application of the theory to micro-and nanoscale resonators should be attributed to Lifshitz and Roukes ͓4͔ who successfully predicted the thermoelastic damping dissipation in simple beam resonators. Recent researchers extended the method to other related problems, both analytically ͓5͔ and numerically ͓6͔. Meanwhile a number of practical techniques were suggested for minimizing the thermoelastic damping ͓7͔. It has been noticed that Wong et al. ͓8͔ studied the resonance of MEMS gyros, which was the first time an axisymmetric system was analyzed. Later, Sun and Tohmyoh ͓9͔ investigated the circular plate resonators, but their work was restricted to out-of-plane vibration modes. A more comprehensive study on disk resonators was performed by Hao ͓10͔ who presented some interesting results on the contour-mode vibrations of circular thinplate resonators. The analytical methods and classical theories of elasticity were applied to derive the generation rate of thermal energy per cycle of vibration, from which the quality factor was successfully determined. In Hao's work, although the methodology itself was based on a sound groundwork, some of the key results on the quality factor have been found about an order of magnitude higher than those predicted by the commercial codes and other methods, and therefore are somehow misleading. A revisit of the problem using a more systematic approach is therefore necessary.
In addition, the analytical approach is restricted to beams or axisymmetric structures such as circular disks with homogeneous boundary conditions. Recent advances in the NEMS and MEMS technologies, however, enable thin-plate resonators operating in their elliptical vibration modes ͓11,12͔. Future extension of the technology may directly involve the fabrication of elliptical plate resonators. A comparison between the performances of circular disks and noncircular plates will become important for optimal designs. The finite element method is a suitable tool for this purpose. In general, the advantage of the finite element method over the analytical approach lies that there is no restriction on the complexity of device geometries, boundary conditions, and the loading methods. For example, more complex geometries containing vent sections and thin film deposition can be handled in the same way. These sections and thin layers can prevent the heat flow across the device or minimize the surface tractions, and therefore it is expected that they will reduce the thermoelastic energy dissipation.
Employing a commercial software package such as COMSOL ͓13͔ is an obvious solution. However, in these commercial codes, the solution algorithm is typically based on the general-purpose complex eigenvalue solver that involves an iteration scheme, and therefore an initial guess of the solution is often required as an input. In fact, for this particular application, there exists a more efficient method, which was already elaborated in the author's prior works ͓14,15͔. These works were focused on the out-ofplane flexural-mode vibrations; however, the analytical approximations showed that the in-plane contour-mode vibrations have much different key characteristics. It is therefore natural to extend the method to the contour-mode vibrations. In addition, the previous work showed that using linear finite elements often gave rise to unsatisfactory numerical accuracy and efficiency ͓16͔. In the current research, we aim to establish a method based on the nonlinear interpolation functions to achieve a better numerical performance. We will start from simple beam systems then extend the method to rings, disks, and elliptical plates. ness of the vibrational spectrum's peak ͓17͔. To define this key parameter, we need to compute or measure the energy loss per cycle ⌬W, and compare it to the total stored kinetic energy W; i.e.,
where is the natural frequency, ␦ is the exponential damping factor ͑namely, the decaying rate of oscillation in time ␦t͒, and ⌬ is the half power width of the spectrum. In the theory of thermoelasticity, the relation between the mechanical stress and strain is given by
where is the elastic strain without thermal effects and t is the thermal strain. D is the 6 ϫ 6 elasticity matrix, and all stresses and strains are denoted with second-order tensors consisting of x, y, and z normal components followed by the x-y, y-z, and x-z shear components.
In the theory of dynamics and vibration, the equation of motion is established on the basis of the following force equilibrium:
where is the material density, u is the displacement vector, and is the stress tensor. The corresponding thermal problem is governed by the heat diffusion equation as follows:
where c p is the specific heat capacity, k is the thermal conductivity, and q is the heat source-namely, the heat generation rate per unit volume. In thermoelastic damping, the heat source comes from the thermoelastic heating, which for an isotropic material has the explicit form
where E is Young's modulus, ␣ is the coefficient of thermal expansion, is Poisson's ratio, T 0 is the initial temperature, and is the dilatation strain defined by
For the two-dimensional plane stress condition, the stress component z vanishes. From Eq. ͑2͒ it follows
Substituting this into Eq. ͑5͒ yields
2.2 Finite Element Formulations. We assume an exponential perturbation solution ͓18,19͔ of the form
where R represents the real part of a complex number, b is the complex exponential growth rate, and uЈ is the velocity vector. By discretization, the heat diffusion equation can be written in the matrix form as
where K, H, and F are coefficient matrices; ⌰ is the nodal temperature; and U is the nodal displacement. In the above equation, the dilatation strain is related to the nodal displacement via the following consideration:
where B is a coefficient matrix determined by the element shape and the interpolation function. Accordingly the matrix equation of motion is given by
where L, G, and M are coefficient matrices, and V is the nodal velocity.
In addition to the above matrix equations, there exists an intrinsic relationship between the displacement and velocity perturbations as follows:
This is due to the fact that the velocity is the first derivative of the displacement.
Eigenvalue Equation.
Combining Eqs. ͑11͒, ͑13͒, and ͑14͒ yields
where I is an identity matrix. This is a standard eigenvalue equation. The eigenvalue in the equation is the growth rate b and the eigenvector is ͕⌰ , U , V͖ T . It is important to note that by formulating the velocity field as a perturbation component independent of displacement, the originally quadratic equation is now reduced to a first-order eigenvalue problem; therefore the computational effort has substantially been reduced.
In the above eigenvalue formulation, the quality factor of the vibration can be related to the eigenvalue b as follows:
where R͑b͒ and I͑b͒ represent the real part and the imaginary part of b, respectively. Since the coefficient matrices in Eqs. ͑11͒-͑13͒ were already presented in the prior work ͓15͔, the detailed derivations are omitted here for brevity. The entire finite element algorithm has been incorporated in a customized MATLAB code bundle that integrates the preprocessing procedure, eigenvalue solver, and postprocessing procedure.
Axisymmetric Problems.
For a three-dimensional annular ring or disk problem, the formulation of the eigenvalue equation is essentially the same as above. However, the plane stress assumption will be removed and all three degrees of freedom will be taken into consideration. The finite element discretization is performed on the cross sectional domain only; therefore, it substantially reduces the computational effort. The solution to the problem is a function of the prescribed Fourier number ͑namely, the number of the circumferential waves m͒; therefore this method can be called as the Fourier method. To simulate the in-plane contour motion, the boundary is constrained on the bottom surface of the ring/disk along the axial direction and hence only the radial motion is allowed for the bottom nodes. The other surface is traction-free, thus equivalent to the plane stress situation in the two-dimensional model. Again, the detailed derivations of the relevant elemental matrices were already presented in the author's prior work ͓14͔, and therefore they are omitted here for brevity.
Construction of Quadratic Finite Elements.
For the rectangular elements used in the analysis, we assume the ninenode nonlinear plain stress element type with the quadratic interpolation functions ͓20͔ defined by
where and are the local coordinates inside the rectangle. For triangular elements, we assume the six-node nonlinear element type with the quadratic interpolation functions defined by
where L i ͑i =1,2,3͒ are the area coordinates of a triangle.
Results and Discussions

Validation of the Method for Beams.
Since the thermoelastic damping solutions for the flexural-mode vibrations of beams were widely reported in literature, it is natural to use the existing beam solutions to validate the model developed in the current work as the first step. As opposed to the linear elements used in the prior research ͓15͔, quadratic finite elements have been implemented here for the first time.
Shown in Figs. 1 and 2 are the convergence tests for the resonant frequency and Q value using both linear and nonlinear elements in the flexural-mode vibrations of simply supported beams. Polysilicon properties listed in Table 1 were assumed. The beam length is 200 m and its thickness is 10 m. Poisson's ratio was set to zero so that the results can be compared to the LR solution ͑i.e., Lifshitz and Roukes' analytical solution ͓4͔͒. Clearly the linear triangular elements converge very slowly. Using 101 nodes along the length, there is a 24.7% deviation for the frequency and 55.7% deviation for the Q value. The linear quadrilateral elements give a better solution: For a beam of 101 nodes along the length, the results are quite close to the exact solution. However, a total node number of less than 50 may lead to a much appreciable numerical error. In contrast, the quadratic elements result in a much faster convergence speed. In both Figs. 1 and 2 , the curves for quadratic elements almost remain horizontal throughout the entire range of the node number. When the node number is greater than 30, there is virtually no difference between the two solutions. In fact, with only 13 nodes along the beam length, the result is different from the LR solution by less than 1% for the frequency and less than 2% for the Q value. As a consequence it has proved to be much more efficient using the quadratic elements than the linear elements in the current model.
To further validate the approach, the dynamic responses of a beam have been determined as functions of the beam thickness and compared with the LR solution. In Figs. 3 and 4 , the parameter is defined by
where for a simply supported beam, the first undamped natural frequency 0 is 
in which h is the beam thickness and L is the beam length. Both linear and quadratic triangular elements have been compared in the figure. The node number in the length was maintained as 51 for both element types involved. From Fig. 3 , clearly the results obtained from the quadratic elements are almost identical to the LR solution, except for large , or large beam thickness, where the beam theory ͑namely, the theory based on the assumption that the plane sections remain plane͒ does not rigorously apply. In contrast, the linear elements yield much poorer solution, especially for small beam thicknesses. Figure 4 tells the same story; i.e., the quadratic elements result in a much better solution than the linear elements for predicting the Q value. For example, at the lowest point on the curve, which is located at = 2.2246, the Q value predicted by the linear elements is approximately 31.7% higher than the LR solution or the result predicted by the quadratic elements.
Circular Disks.
After the methodology was validated for flexural-mode beam resonators, it was then implemented in the contour-mode vibrations of circular disks. For consistency the same polysilicon material properties have been assumed here. The computational results were first compared to the multiphysics commercial package COMSOL. In the COMSOL model, both a full disk model and a quarter disk model were constructed to compute the resonant frequency and Q value. The quarter model was subjected to symmetrical boundary conditions on the two straight edges for improving the computational efficiency. The disk radius was set to 43 nm and m was set to 2, which were consistent with the parameters used in Hao's paper ͓10͔. Both COMSOL models yielded the frequency 45.59 GHz and the Q value of 3.956 ϫ 10 5 . In Figs. 5 and 6, the predicted results are shown by using the linear and quadratic Fourier elements constructed on the cross sectional plane of the disk. The results are expressed as functions of the radial node number. The node number in the thickness direction was set to three so that there were two elements through the thickness in the linear model and one element in the corresponding nonlinear model. For the computed frequency, both linear Fourier elements and quadratic Fourier elements converge to 45.59 GHz. Apparently, in view of the convergence speed, the latter element type performs much better than the former one. With only three nodes along the radius, the quadratic Fourier model is capable of yielding a result very close to the exact solution. In more general, ten radial elements are sufficient for a satisfactory numerical accuracy. For the Q value result as shown in Fig. 6 we can draw the same conclusion: The predicted Q value converges to the COMSOL solution for both types of elements but the quadratic model converges much faster than the linear model. On the other hand, it implies that Hao's analytical solution on the Q value ͑1.605ϫ 10 6 ͒ is about an order of magnitude higher than the correct solution, and therefore is erroneous for some unknown reasons.
In the next step the axisymmetric Fourier model has been used to study the effect of the disk radius, and the results are presented in Figs. 7 and 8. The first three resonant modes corresponding to m = 2, 3, and 4 are investigated for comparison. In Fig. 7 we can see that the frequencies monotonically decrease with the radius. In Fig. 8 , the minimum Q values on the curves are located in the vicinity of r = 43 nm, 53 nm, and 65 nm for m = 2, 3, and 4, respectively. These locations agree with Hao's results very well although the corresponding Q values are consistently about an order of magnitude lower than Hao's results. A closer inspection on the curves also reveals that there are crossovers among the curves for small radii. For example, the Q value for m = 4 is higher than that for m = 3 when r = 5 nm. This type of crossover is not seen in the figures presented in Hao's paper.
Circular Rings.
The same model was also used to compute the results for the contour-mode vibrations of circular rings instead of disks. First, the ring model was compared to the results obtained by Wong et al. ͓8͔. Their approach was based on the analytical method and the fundamental beam theory was employed; thus Poisson's ratio was absent in their formulations. By using the silicon properties assumed in their paper and setting = 0, the ring model based on the Fourier finite element scheme has been established and the results were found very close to Wong's solutions ͑as shown in Table 2͒ , therefore further validate the Fourier model developed in the current work.
A parametric study was then performed based on the geometric data used in Hao's model. The outer radius of the ring was fixed in all cases and the inner radius varied between the outer radius and zero value. The results were found to be dependent on the ratio of the inner and outer radii R i / R o . From Figs. 9 and 10 it is seen that while the frequency monotonically decreases with R i / R o , there is a lowest point of the Q value. For example, when R o = 43 nm and m = 2, the minimum value is located in the vicinity of R i / R o = 0.35.
Elliptical Thin Plates.
Finally, the analysis was extended to polysilicon elliptical thin plates, in which the Fourier scheme is no longer applicable because of the presence of the geometric asymmetry. A quarter disk model with symmetrical boundary conditions was developed with the element type being plane stress quadratic triangles. To validate the approach, the plane stress quarter model was first tested for a circular disk of radius 43 nm Fig. 11 is the dominant eigenmode pattern along with the triangular finite element meshes. The model was discretized into either a free mesh using Delaunay tessellation or a regular mesh involving repeated patterns in both radial and tangential directions. The two meshes yielded almost identical results for the frequency ͑45.59 GHz͒ and the Q value ͑3.956ϫ 10 5 ͒. These values agree very well with the results obtained from the Fourier model and the COMSOL model. For elliptical plates, the key parameter is the aspect ratio ͑␥͒ of the geometry, which is defined by the ratio of the major axis length to the minor axis length. While varying the aspect ratio, the area was maintained the same so that the results were comparable to those of circular disks. From Fig. 12 it is seen that the frequency response has a mild dependence on the aspect ratio. For example, when the mean radius is 20 nm, the resonant frequency changes from 98.3 GHz to 70.4 GHz when ␥ is varied between 1 and 3. The maximum variation in the frequency is less than 30%. The Q value, however, has a much stronger dependence on the aspect ratio, which can be seen in Fig. 13 . The peak Q value of the leading mode can be 20 times higher than the minimum value on the curve. On the other hand, both frequency and maximum Q value decrease with the mean plate radius. Another interesting finding is that the peak value consistently occurs at ␥ = 1.42 regardless of the mean radius. The drastic change in the dominant Q value could be closely related to the migration of the leading mode pattern. Figure 14 displays the temperature distributions in different eigenmode patterns corresponding to ␥ = 1.42, whose frequencies and Q values are tabulated in Table 3 . In some modes, the oscillation in the temperature field occurs along the major axis; in some modes, however, the variation is along the minor axis; in the remaining modes, the variation is along both directions. It is seen from Table 3 that the neighboring modes have close frequencies but the leading mode has a significantly higher Q value compared to other modes. When the aspect ratio changes, an originally higher-order mode pattern will alter its frequency and may become dominant, therefore significantly reduce the Q value of the leading mode.
Conclusions
The energy dissipation related to thermoelastic damping has been studied for the contour-mode vibrations of rings, disks, and elliptical plates on various size scales. The key contributions of this research are ͑1͒ extension of the Fourier reduction method to the contour-mode vibrations of axisymmetric resonators, ͑2͒ application of the higher-order elements for improving numerical efficiency, and ͑3͒ quantitative investigation of thermoelastic damping in elliptical plates.
Customized finite element codes written on the MATLAB platform have been developed to solve the governing thermoelastic and dynamic matrix equations. The computational results on some limiting cases are compared to the analytical results found in literature. It has been found that using nonlinear elements can significantly improve the numerical accuracy. The application of the Fourier reduction scheme has greatly simplified the circular disk and ring models. With only three nodes in the radial direction, the nonlinear Fourier model yields a result very close to the exact solution. For elliptical plates, plane stress two-dimensional models have been developed to study their in-plane vibration modes. It is found that the plate aspect ratio has a relatively weak effect on the resonant frequency of the leading contour mode; however, its effect on the Q value is much more significant. In addition, the peak Q value occurs consistently in the vicinity of ␥ = 1.42. Finally, this research has discovered and remedied some erroneous results related to thermoelastic damping in circular thin disks that were previously reported in literature.
Nomenclature b ϭ exponential decaying rate c p ϭ specific heat capacity D ϭ elasticity matrix E ϭ Young's modulus h ϭ beam thickness k ϭ thermal conductivity L ϭ beam length m ϭ circumferential wave number ͑i.e., Fourier number͒ q ϭ volumetric heat generation rate Q ϭ quality factor r ϭ disk radius t ϭ time T ϭ temperature T 0 ϭ mean temperature u ϭ displacement W ϭ kinetic energy ⌬W ϭ kinetic energy loss per cycle ␣ ϭ thermal expansion coefficient ␥ ϭ aspect ratio of elliptical plate ␦ ϭ exponential damping factor ϭ total strain t ϭ thermal strain ϭ dilatation strain ϭ stress ϭ density ϭ Poisson's ratio ϭ natural frequency 0 ϭ undamped natural frequency ⌿ ϭ shape function
